1879.] Spontaneous Segmentation of a Liquid Annulus, 49 

By drawing lines tbrongli all the positions of each particular metal 
in the tables of solutions of different strengths of either of the salts 
employed, it was found that the position, of pairs of metals of like 
properties, such as magnesium and zinc, nickel and cobalt, rhodium 
and iridium or platinum, lead and tin, &c., often varied together, and 
described similar curves or lines of variation. 

A much greater number of variations of relative electric position of 
the metals occurred in the cold and hot solutions of potassic cyanide 
than in either those of the chloride, bromide, or iodide, whether cold 
or hot, and the amounts of such variations were also much greater in 
the cyanide solutions. 

Agitation of the immersed metals is well known to influence the 
current. Shaking one of the metals reversed occasionally the direc- 
tion of the current ; palladium was the metal which most frequently 
manifested this effect. The agitation of that metal rendered it either 
more negative or less positive in a considerable degree, especially in 
solutions of potassic chloride and cyanide. In those of the bromide, 
antimony was the metal the current from which was most affected by 
shaking. The effect of shaking was less in the iodide solutions than 
in those of the bromide. 



VIII. '" On the Spontaneous Segmentation of a Liquid Annn- 
lus." By A. M. WORTHINQTON, M,A. Communicated by 
Balfour Stewart, F.R.S., Professor of Natural Philosophy 
in Owens College, Manchester, Eeceived December 6, 
1879. 

In seeking an explanation of the appearance of a definite number of 
lobes in the liquid annulus which is formed at a certain stage of the 
splash of a drop that has fallen vertically on to a horizontal plate, I 
was led to make some experiments on the spontaneous segmentation 
of such an annulus lying on a plate with a view to ascertaining 
whether the relation that exists between the dimensions of the annulus 
and the number of drops into which it will spontaneously split, is the 
same as for a straight cylinder of liquid under similar conditions. 
Finding that the relation was the same, it then occurred to me that 
by liberating an annulus in air without contact with any solid, a 
direct experimental proof might be obtained of the law of segmentation 
of a free cylinder. 

It has been shown mathematically in various ways, and experi- 
mentally by M. Plateau, that the equilibrium of a free cylinder of any 
liquid, under the influence of surface tension only, becomes unstable 
as soon as the length exceeds w times the diameter ; and it has been 
regarded as a necessary consequence of this that such a cylinder, if 
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once realised, will spontaneously split into as many equal and equi- 
distant spheres as tt times tlie diameter is contained in tlie length. 
Thus, if n be the number of drops, 
I the length, 
and d the diameter or thickness of the cylinder, the law of 
segmentation is expressed by the formula 

I 

ird 

M. Plateau has endeavoured to supply an experimental proof of 
this by liberating a cylinder of mercury, extended between two 
amalgamated wires, on a glass plate, but he found that the frictional 
contact with the plane surface along the length of the cylinder 
diminished the number of drops, probably because the limits of 
stability are extended by friction : thus, when the cylinder of mer- 
cury rested on a glass plate, the limit of stability appeared to be 
extended to 61 times the diameter, this being the average distance 
apart at which the drops were formed. So that the law became 

t^=^— - — J, and it was only by observing the effect of simultaneous 

contact with a vertical as well as a horizontal plate that a rough 
estimate could be made of the inflaence of friction on the number of 
drops. 

By the method of liberation in air that is described in the latter 
half of this paper all friction is avoided, and the results show a close 
accordance with theory. 

I will first describe experiments with reference to an annulus lying 
on a plate. It may be well at the outset to remark that an annulus is 
not, like a cylinder, a figure of equilibrium for a liquid, there being 
excess of pressure on the outside ; this excess, however, will diminish 
as the radius of the annulus increases, — as, in fact, it approximates to 
a cylinder. The excess, moreover, will not be a large fraction of the 
total surface-pressure, if, as in the case we have to deal with, the 
thickness of the annulas is small in comparison with its width : thus 
in the figure — 




the principal radii of curvature at A are r and (R-l-?0 and at ±5 are r 
and — (R— t). 
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. * . pressure at A=C + 1 - + =r p^, 

\t R -f r/ 

and at B = C + (---J~ ^^ 

\t R— r/ 

wbere h is a coBstant, and the difference of pressures at A and' B is 
proportional to — +:g , which, is small compared with -. 

It may, therefore, well happen, as we shall see in the sequel that it 
does, that the annulus will split spontaneously before any appreciable 
alteration of its form can be caused by this inequality, of pressures ; and 
this is the more to be expected if the annulus be lying on a horizontal 
plate, friction with which impedes the motion of the liquid as a mass. 

The method that I have adopted to discover the law of splitting has 
been to liberate suddenly an annulus of mercury on^ a horizontal 
surface of glass or iron. 

The apparatus consisted of a circular plate of iron IBmillims. thick 
and 60 millims. in diameter, the lower surface of which was truly 
plane, and in it were cut various annular grooves, whose cross section 
was an exact semicircle. 

This plate is placed face downwards on a plane horizontal surface of 
iron or glass, and mercury is poured into one of the grooves through 
one of two small vertical holes bored through the platej the second 
hole allowing the imprisoned air to escape.. After iiemoving any 
excess of mercury that may remain in the holes, the plate is suddenly 
lifted by a central handle, and a circle of regularly disposed drops is 
found lying on the lower plate. 

The following is a table of results^ obtained' in this way, which are 
recorded without any omissions. The size of the grooves was obtained 
by direct measurement and by weighing the* mercury they contained. 

A fourth groove of '7 millim. thickness was found to be too small 
to use, being very difficult to fill with mercury. 

Groove No. 1. Diameter (J)= 2'03 millims.. 
Principal radius. (R) = 25 ,, 

Method of libeTation. No. of drops. Eemarks. 

17 ... Regular, larger at the holes. 

18 . . Yery regular. 
16 
\1 
18 

16 + (prob. 18) 

17 • • Regular, larger at the holes. 

19 . . Very regular. 



Plate lifted rapidly. 



55 



J5 
J5 

J5 



5) 


5) 


5J 


55 


>•> 


5 5- 


55 


ys 



Average. . . . 1 7 '25 ( + ) 

i2 
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When a guiding cylinder of cardboard, in wliicli the iron plate could 
be moved like a piston, was used in order to ensure the plate being 
lifted vertically, the friction against the cylinder prevented the plate 
being lifted so qaickly, and this at once influenced the number of 
drops, as will be seen in the following table : — 



Method of liberation. 
With vy^ell-oiled guiding ring. 

J J 5 J • 

55 JJ • 

With guiding ring not oiled. , 

Lifted slowly on purpose 

,, rather slowly on purpose 
Yery slowly on purpose 






5J 
3J 



No. of drops. Remarks. 

16 Regular. 
16 
16 
16 

10 5 in opposite quadrants. 
13 
10 
30 
7 Arranged 
thus : 



5 Nearly regular. 
3 Regular ? 




2nd Groove. Diameter ((^)= 1*04 millims. 
Principal radius (B)=: 12 '5 „ 

Method of liberation. No. of drops. 

Glass plate, rapid lifting 17 

17 

If) 

5 5 3) ................. XO 

?5 7J • • • iO 

:>; 3j <,........ 17 

?J 3? 1/ 

Without special precaution as to speed 11 

1 ^ 

,5 ,, ,, ..... Idi 

J J 3 7 ?y c . . . . 14 

35 55 3, ..*.. XX 

Lifted slowly on purpose 10 

jj jj -»-^ 
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3rd Groove. Diameter ((£)= 3'17 millims. 
Principal radius (R) = 22*2 „ 

In this ca,se the quantity of liquid was so great that it was found 
very difficult to lift the plate without giving it an initial disturbancej 
which caused some of the drops to run together ; hence it was im- 
possible to lift the plate as quickly as had been found necessary in the 
previous cases to secure the maximum number of dropSo 



Method of liberation. No. of drops. 
On an iron surface, a plate 
lifted as quickly as was 
possible without disturb- 
ing the liquid 



Remarks. 



5? 



J? 



?> 



?> 






5J 






>3 






J5 






?? 






?J 






J> 






5) 






5? 






>5 






>? 






5? 







7 




8 


By computation, some drops 




having evidently run to- 




gether. 


7 




8 


By exact computation from 5 




drops. 


6 




12 


Computed from 5 drops. 


9 




*j 


3? >5 ?) 


8 


A certain estimate from 6 drops. 


7 


?? >? " ?> 


7 


A probable estimate from 5 drops. 


8 


A probable estimate. 


10 


?? "' 


8 


n :; 


8 




8(-f) 



Before discussing these results, I may remark that the number of 
drops was practically the same, whether on iron, or glass, unless, 
indeed, the iron was very well rubbed with a dry clean cloth between 
each experiment. When this was done the number of drops was 
slightly increased. On one occasion 21 were obtained from the first 
groove. 

In many instances subordinate secondary drops, due to the splitting 
of the long necks joining the drops before their complete separation, 
were formed with great regularity; but sometimes these secondary 
drops were so large as to be easily mistaken for primary drops. In 
the case of the third groove, it required practice to lift the plate 
quickly enough to secure the maximum number of drops. 



54 Mr. A. M. Worthington on the [Dec. 18, 

In what follows I shall, for convenience, call the figure that would 
be formed by bending a cjlinder into an annulus, a cylindrical annulus, 
while the form in which the liquid that has filled a groove is left 
on the lower plate may be called a semi-cylindrical annulus. 

It seems reasonable to suppose that the first thing that will happen 
to the liquid when liberated will be that it will spring from a semi- 
cylindrical into a more or less cylindrical annulus, for there is a sharp 
curvature of the surface at the edges bounding the flat and curved 
portions, which will at once exert a pressure on the liquid, while the 
force which causes it to split into drops being due to an unstable 
equilibrium* must begin with a value equal to zero, and will therefore 
be behindhand in its action. 

Since the cylindrical annulus must have the same volume as the 

semi-cylindricaL its diameter must be —7= X diameter of the semi- 

d , 

cylindrical annulus =—-7= according to previous notation. 

Hence, if we apply Plateau's formula for the cylinder, we have — 

I 



fh'- 



6-1 X ^ 



^'£ 






which gives for the first groove, 17*48 drops. 

,, second „ 17*38 „ 
,„ third „ 10*14 „ 

The only notable deviation from the number actually observed, is 
in the case of the third groove, but even here 10*14 is within the 
limits of observation, and a very possible value, since the plate, as has 
been explained, could not be lifted up quickly enough to avoid all 
friction. 

The observations, therefore, prove that at least for an annulus of 

mercury lying on a glass plate, the law of splitting is practically the 

same as that of a straight cylinder of the same thickness, being ex- 

l 
pressed by the formula w= — - — - . 

D'x X (aj 

Part II. 

In order to e:ffect the liberation of a free annulus in air, the ap- 
paratus shown in fig. 1 was used. 

A is a circular disk of hard wood, in which two annular grooves 
were cut, whose cross section was of the form shown in fig. 2, the 
lower part being circular. The width of the inner groove at the 

* The symmetry of the annulus implies equilibrium as regards segmentation. 



1879.] Spontaneous Segmentation of a Liquid Annulus, 55 

top was '4 centim., and of tbe outer '625 centim. ; the principal 
diameters being 5*35 centims. and 7*475 centims. respectively. B is a 
sort of catapult to project the disk vertically downwards, and consists 
of a short brass tube 3 centims. long, clamped vertically, in which an 
inner tube e slides loosely, but is kept thrust out as far as the slots in 
the outer tube permit, by the action of a strong spiral spring inside. 
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By looping a string, 5, over a small central hook in the disk, the latter 
can be drawn up tight against the end of the outer tube, and 
held firmly in a horizontal position, and then, after a known weight 
of mercury has been poured into either groove, the end of the 
string is let go, and the disk is shot downwards, leaving the mer- 
cury annulus in the air. A tray of fine wet sand is placed below 
the annulus to catch and preserve the impressions of the circle of 
drops formed, while the disk is steered out of the way by striking 
with its two projecting arms against the slanting brass rods, as shown 
in the figure. 

The inclination of these rods should be such as to get the disk out 
of the way as soon as possible, and will depend on the strength of 
the spring used ; the stronger the better. 

The object of slanting the sides of the grooves is to prevent the 
annulus being carried downwards by any friction with the disk. 

1 have tried smoked glass, lard, and wet sand, for receiving the 
drops and their impressions — the last is cleanest and answers best ; 
the best consistence is easily found by practice, and depends a little 
on the depth of fall. If too soft, the impressions of separate drops 
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mingle, if too hard, drops are liable to rebound from tbeir shallow 
impressions, and to mingle with the neighbouring drops. 

If the traj of sand be placed at anj considerable distance below the 
starting point of the annnlns, it will be found that the impression 
made is a sing-le small irregular pit with three or four lobe-like projec- 
tions, showing that the annulus has contracted as it fell into a 
single not perfectly symmetrical mass. 

This is the natural consequence of the excess of pressure on the out- 
side circumference, which is no longer hindered by any friction, as in 
the preceding experiments ; it is interesting to observe, that as the 
depth of fall is diminished, the diameter of the whole impression 
increases, while the number of separate drop-impressions likewise 
increases, showing that the contraction continues, by reason of impetus, 
after complete segmentation has taken place, and causes the re-fusion of 
drops that have at one time been separate ; this re-fusion being 
generally so conducted that the symmetrical arrangement of the drops 
is tolerably well preserved. 

This will be seen from an inspection of the following tables of 
observations, which are recorded without omissions. A few remarks 
on the tables are necessary. It often happened that the annulus had 
not remained circular, but had assumed a more or less elliptical form, 
as shown by the impressions ;. the tables contain the measures of the 
greatest and least diameters in such cases, as well as their mean. 
These measurements were made with a pair of compasses, and the 
diameters mentioned joined what were judged to be the middle points 
of the drop marks on either side of the centre ; the measures may be 
taken as correct to 1 millim., but not beyond. 

In most cases the impressions were not equally distinct round the 
whole of the circumference, but were most distinct and well divided 
about one end of a diameter, and least so about the other end of the 
same. When the mark was elliptical this diameter was generally the 
shortest. 

Owing to the fact that each drop did not always remain in the hole 
it had made in the sand, and that the partitions between neighbouring 
drop-impressions were often cut through by the neck of liquid that 
remains till segmentation is complete, it could not be positively 
asserted in all cases (though it could in some) that the annulus had 
split into such and such number of drops when it reached the sand at 
any given depth, but rg^ther that it consisted of a certain countable 
number of distinct masses of mercury, some of which appeared to 
consist of two, or in some cases, of three drops, still united by necks 
of liquid, while the remaining majority consisted of a countable 
number of separate apparently equal and regularly disposed drops. 
Then there was in many cases a slight uncertainty as to the exact 
number, to the extent of one drop more or less, and this could only be 
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eliminated by many observations. As tbe observations were made 
before tbe theoretical number bad been calculated, the judgment in 
estimating doubtful impressions could not have been biassed more than 
by the inclination to recognise a constantly recurring number of 
drops. 

The re-fusion of the drops, owing to contraction, makes it neces- 
sary to take the impression before the annulus has fallen far, if we 
wish to ascertain the maximum number of drops into which it has 
originally divided. In the case of the smaller annulus, 9 centims., 
and in that of the larger, 12 centims., was the least depth of fall that 
the apparatus permitted, i.e., that was consistent with getting the 
disk out of the way. The weight of mercury in the first annulus was 
26*525 grams, and in the second, 53'05 grams. Assuming that the an- 
nulus at once becomes cylindrical on its release, the thickness {d) 
would be '3844 centim., and '4599 centim. in each case respectively, 
and if the segmentations are determined by the initial dimensions 

(before contraction) according to the law n-=z — , the number of drops 

in the first case (%) will be 13'91, and in the second case (^3), 16'25. 
It will be seen by reference to the smallest height of fall in each case 
that the corresponding experimental values are :• — 

^^ = 13 
and r/2=16*l 
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Anmilus No. 1. 
(Initial diameter =5*35 centims.) 







Diameters. 








Depth of 
Fall. 








Number 
of Drops. 


Remarks. 










Maximum . 


Minimum. 


Mean. 






centims. 


centims. 


centims. 


centims. 






47 


3-8 ( = 


extreme dia 


meter.) 


• • 


4 lobes. 


38 


« « 


• -• 


• • 


« « 


Traces of 5 or 6 lobes. 


21-5 


4-8 


3-4 


41 


9 






4-6 


4-2 


4-4 


9 or 10 






4-2 


3*8 


4 


10 






4 5 


4 


4-25 


8 or 9 
8 
9 






4-5 


4-5 


4-5 






4-5 


4-5 


4-5 


8 + 






Mean = 


4-3 


9(-) 




20-5 


4-3 


3-9 


4-1 


9 


Certain. 


18-3 


4 8 


4-2 


4-6 


10 


Very regular. 




515 


4 35 


4-75 


10 


Regular. 




5-2 


4-25 


4 6 


10 or 11 


Probably 11. 




4-9 


4-5 


4-7 


10 


5 very regular. 




Mean = 


4-66 


10(+) 


15-2 


5-5 


4 85 


5 17 


13 


Probably ; segmenta- 
tion not complete. 




4-8 


4-8 


4-8 


12 






4-75 


4 


4-38 


13 


Probably. 




Mean = 


4-8 


13(-) 


9 


• • 


• • 


i • 


13 
12 

12 or 13 


Probably. 

(Possibly 13); 9 sepa- 
rate masses ; very 
certain. 




4-7 


4-7 


4-7 


13 

13 or 14 
13 or 14 


Probably ; 11 masses, 
or 12, if one not 
secondary ; 7 per- 
fectly symmetrical 
and equal marks in 
an exact semicircle. 




4-9 


4-9 


4-9 


13 or 14 
12 or 13 


Quite circular ; 10 

masses. 
11 masses. 




Mean = 


4-8 


13 



1879.] Spontaneous Segmentation of a Liquid Annulus, 



59 



Annnlus l^o. 2. 
(Initial diameter =7' 475 centims.) 







Diameters. 








Depth, of 
Fall. 








ISTumber 
o£ Drops. 


Eemarks. 










Maximum, 


Minimum. 


Mean. 






centims. 


centims. 


centims. 


centims. 






12 


6-85 


6-85 


6-85 


17 


14 masses ; 11 drops 
perfectly regular. 




6-85 


6-85 


6-85 


16 or 17 
17 


Perfectly oireular. 
Probably. 




6 '65 


6-65 


6-65 


16 


Probably ; 8 in one 
semicircle ; sand 
rather hard. 




6-65 


6-5 


6-57 


16 or 16 


Sand wetter. 




6-65 


6-65 


6-65 


15 or 16 






Mean = 


6-7 


16-1 \ 



It will be observed that, in the case of the smaller annulns, the 

average experimental value of n is nearly a whole drop below the 

theoretical value. This points to the possibility of contraction before 

the segmentations were determined. Sach contraction would cause 

I 
a diminution in the value of the ratio -, both by diminishing the 

d 
numerator and increasing the denominator of the fraction, and would 
produce a corresponding diminution in the number of drops. 

Since the force of contraction is inversely proportional to tbe princi- 
pal radius of the annulus, its effect will be more rapid in the smaller 
annulus, both on this account and because of the smaller mass of 
liquid to be set in motion.* 

That the annulus sometimes becomes elliptical, is probably due to an 
uneven distribution of the liquid at starting. When the disk was not 
quite horizontal the thickest and thinnest portions of the annulus would 
be opposite to each other, and the segmentation of the latter will be 
complete before that of the former. This accords with the previous 
observation that the well and ill- divided parts are always at opposite 
ends of the same diameter. 

To account for the fact that this diameter is the shortest, it would 

* It should be remembered that the contractive force ceases to act on drops 
which have assumed the spherical form. Hence the total amount of contraction 
that is found to have taken place at any time after complete segmentation will depend 
on the velocity acquired while the force acted, and therefore upon the time required 
for the process of segmentation. This time will evidently be less in the case of a 
thinner annulus. 
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be necessary to evaluate the average centripetal velocities during 
tlie fall of the portions of the annulus at the positions of maximnm, 
mean, and minimum thickness, for a given distribution of the liquid, 
which can onlj be done when the connexion between time of segmen- 
tation and thickness is known. 

The verj fact of segmentation taking place sooner in one portion of 
the annulus than another is itself a source of asymmetry, as was 
shown by the experiment of liberating a portion of an annulus, which 
was found to contract in length and straighten itself with great 
rapidity. 

Thus after a fall of 12 centims., a portion of annulus No. 1, repre- 
sented in fig. 3, gave on the sand the impression represented in fig. 4. 
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The sharp curvature of the free ends is of course the cause of the 
shortening. Its influence was often noticed in the case of elliptical 
marks, inasmuch as the extremities of tbe row of ill-divided impres- 
sions were separated from the extremities of the well-divided portion 
by spaces rather greater than the average distance between neigh- 
bouring drops elsewhere. 

It is evident that the method of liberation adopted in these experi- 
ments is not applicable to a straight cylinder, which will immediately 
begin to contract and shorten under the influence of the pressure of 
the curved ends, unless it be prevented from doing so by being kept 
stretchedsbetween metallic terminals to which it adheres ; such termi- 
nals would, unless of relatively great mass, require to be fixed to a 
frame which of course must fall with the cylinder. The impurity 
introduced by using an amalgamated metal would be a source of error, 
as M. Plateau has pointed out in his own experiments, which how- 
ever, might be avoided by adopting the plan mentioned by Professor 
Guthrie, " Proc. Boy. Soc," vol. xiii, p. 458, of using platinum, to 
which, when once rubbed with an amalgam of sodium, mercury will 
adhere closely and without amalgamation. 

The experiment would, in this manner, be probably quite feasible. 

I have endeavoured by smoking the wooden disk, to render it un- 
wetable by water, and so to liberate an annulus of that liquid, but so 
far without success ; the water always finds its way here and there 
through the coating of lamp-black and adheres to the disk. 



